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Abstract This paper develops a modification of the
shared frailty model that allows for the distribution of
the response and the random effects to be determined by
the data (from within the exponential family of distribu-
tions). A simulated maximum likelihood and a computa-
tionally simpler simulated linear least squares approach to
estimating this model are also presented. These general-
izations are important for modelling high-temperature
deformation because they allow life time predictions to be
made with levels of confidence attached to them, for the
real world situation where repeated experimental observa-
tions are not normally distributed and not independent of
each other. An application to a commonly used material in
power generation revealed that ignoring these characteris-
tics lead to an underestimate of the minimum safe life
when operating at 773 K and stresses above 235 MPa.

Introduction

With many power plants within the UK approaching the
end of their working lives, the accurate determination of a
components safe life has again become an important topic.
The published literate on failure analysis seems to have
evolved in two main directions with little or no link up
between them. This is especially true when looking at
materials operating at elevated temperatures. On the one
hand, there is a vast statistical literature on lifetime data
analysis which reflects the fact that data on failure times
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tend to have a strong stochastic component—(see Nelson
[1] for an excellent introduction and overview of this lit-
erature). However, the deterministic components of these
statistical models are quite basic and often fail to resemble
the models obtained through detailed scientific and engi-
neering analysis of failure mechanisms—(Rabotnow [2]),
Ion et al. [3] and Evans [4] are classic papers on defor-
mation mechanisms at high temperatures). This paper can
be seen as an attempt to bridge the gap between these two
branches of study.

More recently Wilshire and Battenbough [5], in their
reappraisal of copper, have provided new insights into the
failure mechanisms governing high-temperature deforma-
tion. From this analysis, they derived a new parametric
procedure for predicting the life of components operating
at high temperatures which can be summarised in the
equation

()-wlebGT) o
TS

where g is the time to failure for a component operating at
a stress T and temperature 7. R is the universal gas constant
(= 8.314 J mol ™' K1), Q¢ is the activation energy for self
diffusion, 1rg is the tensile strength of the material at
temperature 7 and u; and k; are unknown constants.
Wilshire [5] has never suggested any particular physical
mechanism that could lead to Eq. la, except to emphasis
the requirement that the functional form chosen must have
the property that the failure time tends to infinity as t/trg
tends to O and that the failure time tends to zero as ©/trg
tends to 1. Equation la has exactly this property, although
there are many other functional forms that also have this
property. As the failure time is the dependent variable,
Eq. la can also be expressed in, perhaps, a less familiar
form
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tr = explag + ayIn{—In(t/71s)} + Q} /RT| (1b)

where ay = —In(ky)/u; and a; = 1/u;. In fact, the values
for ay and a; are expected, from theories on the movement
of dislocations, to be different above and below the yield
stress. The model given by Eq. la has been successfully
applied to a wide range of steel alloys (see Wilshire and
Scharning [6-8]).

This model is markedly different in nature to the ori-
ginal parametric models which typically had a form similar
to that proposed by Larson and Miller [9]

tr = boexp(Q;/RT + byt/T) (1c)

where by and b; are further unknown parameters.

Whilst this new methodology appears to be successful
over a wide range of materials, none of the applications to
date have been able to produce predictions with levels of
confidence because emphasis has been placed on the
deterministic component of high temperature deformation.
Thus, on a second front Evans [10, 11] has developed a
framework for incorporating a stochastic component into
Eq. 1b that has enabled confidence limits to be derived.
Whilst this study provided a suitable framework for mod-
elling failure times that do not follow a normal distribution,
the study was only a partial solution to the problem,
because it did not fully take into account the nature of the
existing data sets used to find values for the unknown
parameters in Eq. 1b.

In particular, the databases available for estimating the
models described above are very hierarchical in nature,
with test specimens being cut from different batches (more
generally referred to as units) of the same material. Con-
sequently, observed material properties, such as failure
times, within these databases will not be independent.
Whilst estimation remains consistent in the presence of
dependent test results, it will be less efficient than it could
be. The test results, on average, will therefore tend to differ
more from the true values than is appropriate and confi-
dence intervals will therefore be under estimated. The size
of this underestimation has never been quantified because
all of the published literature involving the application of
Eq. 1b to component life assessment at high temperatures
has ignored this fundamental issue.

The aim of this paper is to provide a suitable statistical
framework for Eq. Ib that will allow predictions to be
made with confidence given the hierarchical nature of these
data bases and given the long-tailed nature of the distri-
butions for this data (Sect. Statistical models). A suitable
estimation procedure for this framework is given in the
Appendix to this paper (and the paper can be read without
the need to reference this Appendix). This is followed, in
Sect. “Application to component lifting at high tempera-
tures”, by a detailed application to one important material

used in power generation, namely, 1Cr—1Mo-0.25V steel.
The paper ends with a conclusion section that draws out the
main findings from this research and suggests areas for
future research.

Statistical models
Accelerated testing

A common approach to lifting materials that operate within
harsh environments is to test specimens at condition in
excess of their normal operating conditions, so inducing
failures over relatively short time spans. The trick is then to
develop a model capable of explaining this short-term data
and then using it to extrapolate to the operating conditions,
and in this way obtain an estimate of the safe working life
for a material. In lifetime data analysis, there is a consid-
erable body of work on model specification for analysing
data of this nature.

A broad class of regression models for lifetime data

In log-location-scale models, the distribution for the time
to failure (#g) is explicitly stated. Specifically, log-location-
scale regression models take the distribution for
y (= log(tg)), given a vector of test conditions x (which, for
example, could contain stresses and temperatures), to be of
the form

S(y[x) = So (y_’i#) = So(2) (2a)

where x is a vector of test conditions, S(y:X) is the survivor

function of y at the test conditions given by x and Sy(z) is a
baseline survivor function, i.e. Sy(z) is independent of
X. u(x;P) is a function containing all the test conditions and
a series of parameters (where p parameters are contained in
the vector ) whose values are unknown and ¢ is a further
unknown parameter. The survivor function for y shows
how the probability of surviving a length of time, measured
in natural logarithmic units, varies with time. Another way
to express this type of model is as

y = u(x;B) + oz (2b)

where z is a random variable with survivor function Sy(z).
The survivor function for #r is then given by

S(x) = S (qb(tx))é (3)

where ¢(x) = exp(u(x;p)), 6 = b~ ' and So(t) = So(y). The
general applicability of such a model stems from the fact

@ Springer



520

J Mater Sci (2011) 46:518-527

that as the test conditions change the shape of the distri-
bution for fr remains the same (i.e. it is the same distri-
bution at all test conditions). The failure time distribution
simply shifts with changing test conditions.

A major advantage of these log-location-scale regression
models for making Eq. 1b stochastic is that it is of a form
similar to many parametric models of high-temperature
deformation derived from studying the failure mechanisms
themselves. Theories of high temperature deformation are
expressed in terms of how material properties, such as
failure times and rates of deformation, vary with the test
conditions. For example, in comparing Eq. 1c with Eq. 2b it
is clear that

T
H(x;B) = In(bo) + bi=+ Q) /RT )
A proposed stochastic framework

However, for Eq. 2b to be suitable for modelling high-
temperature deformation a number of generalisations are
required. First, Eq. 2a should be replaced by

Slets ) = o(LEH 1) gy (59)

where g(f;0) is a transformation of time to failure that
depends on the value for the parameter «. The log-location-
scale model is given by the special case g(t,1) = log(?),
when, as suggested by Lawless [12],

glty) = (*—1) /o
This generalisation will be referred to as a location-scale
model. For the Wilshire model give by Eq. 1b, « = 1 and

(x;B) = ao + ailn{—In(z/1s)} + QﬁRI—T (5¢)

(5b)

where the a’s are the parameters within B that are unknown
in value and x is made of different transformed stress
and temperature combinations, namely, In(—In(t/t1s)) and
1/RT.

Second, the distribution for z must be made explicit. As
the existing knowledge on deformation mechanisms at high
temperatures offers little in the way of identifying how the
time to failure will be distributed, it is important to have a
very general specification for the distribution of z. Only
then is it possible to see which distribution, contained as a
special case within this general specification, is actually
supported by the data. One such general distribution, sug-
gested by Bartlett and Kendall’s [13], is the log gamma
distribution. More recently, this distribution has been
modified by Prentice [14] because in its original form the
distribution had no limits. In this modification, the random
variable z is taken to have the probability density function
(PDF) given by
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flz) = )}f;—z;exp(ﬁ(z —c)— iexp{(z - c)/\/ZD

(6a)
with
¢ = Vi{y(2) —In(2)} (6b)

where (/) and /(%) are the di gamma and tri gamma
functions, respectively. Abromowitz and Stegan [15]
showed that these functions can be approximated by

1 1 1 1

A) =1n(A) — —— — ;
V) =) — 3~ 2t o 15 (60)
xp’(/l)—l—i—1+1 1 N 1
2226 3000 420

where I'(4) is the gamma function. Prentice has shown that
when the parameter 4 =1, z has an extreme value
distributions. However, when A = co, z has a normal
distributions. Further, when A =1 and ¢ =1 z has an
exponential distribution. The gamma distribution is also a
special case. Hence, the specification given by Eq. 6a
allows for many of the distributions contained within the
exponential family of distributions. Within this
generalisation, the mean and variance for z are given by

E[z]=0 and Varlz] = ¢®y/(1) (6d)

As A tends to infinity, 2 1/'(4) tends to unity and (1) tends
to In(4). Consequently, z then follows a normal distribution
whose mean is zero and whose variance is equal to o.

Third, the location-scale model needs to be amended so that
it can cope with hierarchical data sets. A common approach to
the specification of such a model is through random effects. It
is important to realise that such models have a very wide
sphere of applicability and are, therefore, known by different
names in the academic literature. In the social sciences they
are known as multilevel models (see Goldstien [16] for a
review), in the statistical and econometrics literature as ran-
dom effect models (see for example Laird and Ware [17] and
Lindstrom and Bates [18] and Maddalla et al. [19]) and in the
lifetime data analysis literature as shared frailty models (see
Hougaard [20] for an excellent review).

Expressed as a location-scale model, the shared frailty
model takes the form

g(t;0) = pu(x; B;) + oz (7a)

where the subscript ij on the response refers to the transformed
failure time of the ith test specimen contained within the jth
unit or batch of material. The vector of parameters, B;, in
u(x;B,) vary randomly between the units so that

B=B+u (70)

where u; now follows a joint distribution with a mean
vector of zero and a covariance matrix given by D, with the
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z; being independent of the w;. The final step is then to
specify a joint distribution for u;. To keep consistency with
the specification given to z;;, this will be taken to be the
joint version of the log gamma distribution given in Eq. 6a.
That is

)k7045
v

£ ol -senfo -9/
(8a)

flvg) =

where v; is the standardised value for uy;, i.e.

_ M

Vi = ifk=0
kj Gz
u  Ok—r)k .
vy = 7: _ 7*) E V(k—r)j otherwise
Oy %% 3

and U?k_,)k and o, are further parameters whose values are
unknown. The relationship between the random vector u;
and its standardised equivalent, v;, is therefore given by
u; = Av;, where A is a lower triangular matrix made up of
the above alt and a?k,r)k parameters

a, O o --- 0
gy, o 0 - 0
* * *
A= |92 012 0o -+ 0 (8¢)
* * * *
9y Olp O3 o,

The full variance—covariance matrix for u; is then found by
letting AA’ = Q, so that the variance—covariance matrix
for any value of 1 is given by

7%
Oy 07 )
D =Q(W/'(2) = | %02 %2 % (' (2))
Oop O1p Oy 012,
(8d)

When / is infinity, 4 /(1) = 1, and so then Q is the
variance—covariance matrix for w;, where the terms off the
diagonal are the covariance’s and the terms on the diagonal
are the variances. More generally, i.e. for any other value
for A, D will be the variance—covariance matrix.

Application to component lifting at high temperatures
The experimental data
In this paper, the above shared frailty model is applied to

a steel alloy typically used in power generation, namely,
1Cr-1Mo-0.25V. The databases available for estimating

models of this nature are very hierarchical in nature, with
test specimens being cut from different batches of the
same material. These batches differ slightly in the types
of heat treatment and chemical compositions (but all the
compositions are within the specification defining this
steel alloy) and the batch to batch variation is a very
large component of the total variability present in the
recorded times to failure. Figure 1 shows the structure of
the data base for 1Cr—1Mo-0.25V steel. This data base
was obtained and published by the National Institute for
Materials Science, Japan (NIMS, [21]) in their data sheet
No. 9B. Details of heat treatment and chemical compo-
sitions can be found in [21]. In Fig. 1, only the first and
last few results are shown for each batch, and the data
base is sorted by batch then by temperature and finally
by stress to give an impression of the nature of this data
base. Notice that there are m = 9 batches, and the
number of specimens in each batch is variable. In total,
some 243 specimens were tested over eight different
temperatures and over a wide range of different stresses
with the resulting failure times varying from just a few
hours through to over 100,000 h.

The Wilshire—Scharning parametric model as a frailty
model

To the best of our knowledge, the clustering structure that
is clearly present in high-temperature deformation data
bases, of which [21] is typical, has never been taken into
account during the growing number of applications of
Egs. 1a, b. Consequently, all the estimated models in the
literature are subject to the biases and inefficiencies
briefly described in the introduction section, and this is
further elaborated on within the Appendix to this paper.
The parametric model given by Eq. 1b can be expressed
as a shared frailty model in the following way

8(t;1),=In(t) ;= vy (9a)
and
1(x; B;) = Boj + Bixuij + BoXaij + Baxais (9b)
where
x1;; = max|[0, In(—1In(z/[t1s]);; — 7ol;
x} = max|0, 79 — In(— ln(r/[‘CTsDiﬂ; X3 = {%}
ij

and where (#g);;1s the time at which specimen i cut from batch
j fails, (t/trs);; is the normalised stress of the #jth specimen,
R is the universal gas constant (8.314 J mol ™! K_l), T;; the
temperature to which the ijth specimen is subjected to and
and 7 is the yield stress. The max function allows u(x;B;) to
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Specmmen, i Batch, j Stress, MPa  Temperature, K Failure Tme, h
1 1 373 723 154847 n =44
2 1 412 723 35335
43 1 47 948 10954
44 1 98 948 136.2
45 2 235 773 904739 n; =13
46 2 265 773 21244
66 2 98 923 4488
67 2 137 923 141.3
68 3 265 773 49698.1 ny =25
69 3 294 773 203974
21 3 98 923 5399
92 3 137 923 1274
3 4 235 773 112223 ng =24
94 4 265 773 47021.8
115 4 98 923 702.3
116 4 137 923 166.9
117 5 235 773 152460.8 ns=23
118 5 265 773 444408
137 5 69 923 1950.7
138 5 98 923 659.8
139 5 137 923 174
140 6 235 773 107663 ng =26
141 6 265 773 97032
164 6 98 923 696.2
165 6 137 923 1394
166 T 235 773 107711 n; =24
167 T 265 773 732178
188 7 98 923 916
189 7 137 923 233.2
190 8 235 773 152237.8 ng =23
191 ] 265 773 426204
211 8 98 923 7843
212 s 137 923 186.8
213 9 235 773 112392 ng =22
214 9 265 773 59986.5
233 9 98 923 813.5
234 9 137 923 198.1

Fig. 1 The NIMS creep data base for ICr-IMo-0.25V steel

be different above and below the yield stress. Thus, when
In(—In(t/t1s));; > to, Eq. (9b) becomes

w(x; B;) = (Boj — BijTo) + ﬁljln(—ln(f/[TTS])ij + Byxai
and when In(—In(t/t1s)); < to, Eq. (9b) becomes
1(x; B;) = (Bo; + Bayjto) — ByIn(=In(z/[ers]); + Bajxs
Bringing all this together gives
Yij = (Bo +uop) + (Br +wip)xryj + (By + ) xa

+ (B3 + u3j)xsij + 0% (%)

where f; is an estimate of the activation energy for self
diffusion, and z; follows the distribution given by Eq. 6a
and the standardised values for the u;; come from Eq. 8a—d.

Estimation of the Wilshire—Scharning parametric model

To demonstrate the predictive accuracy of this model, the
data base described above was split into two parts. Equa-
tion 9c was then estimated from all those results where
time to failure is 5,000 h or less. The estimated model is
then used to predict the failure times in the remaining part

@ Springer

Table 1 Variations of the mean log likelihood, given by Eq. 17,

with A

2 Mean log likelihood, In(L{x;u;) val

0 —15.1506 225

1000 —14.9889 1.92

400 —14.9006 1.75

200 —14.4988 0.94

100 —14.0271 0

12 —14.5558 1.06

10 —14.0547 0.06

7 —14.4177 0.78

4 —13.3405 0.09

3 —14.4477 0.84

2 —15.3343 2.61%
1 —16.6308 5.21%
0.5 —19.8632 11.67"

71 is twice the difference between the shown mean log likelihood and
—14.0271. As such it follows a chi square distribution with one
degree of freedom. Number of iterations R = 150

# Statistically significant at the 10% level

of the data set. The Appendix to this paper shows the detail
behind this estimation exercise, and it essentially involves
using simulation and non linear optimisation algorithms to
maximise Eq. 17 of the Appendix at a given value for /.
The parameters of Eq. 9c were estimated in this way using
various values of 4, and Table 1 summarises the log like-
lihood values (as given by Eq. 17) associated with each of
these A values. It can be seen from this table that the mean
log likelihood is maximised when A = 100. Further, a 90%
confidence interval for 4 suggests that A values below 3 are
not supported by the data. The log normal distribution for
tr and the random effects, whilst not being rejected by the
data, is not the most supported distribution at the 10%
significance level. This suggests that it is best to use the
generalised log gamma distribution (with A = 100) to
model the time to failure and the random effects, although
any / values between 3 and 200 are probably equally well
supported by the data given the simulated nature of the log
likelihood estimates.

Table 2 shows the simulated maximum likelihood
(SML) estimates of the parameters in Eq. 9c for three
different values of A, including the A value associated with
the log normal distribution. All the parameters appear to be
statistically significant at the 10% significance level. There
is little difference between the parameter estimates asso-
ciated with the log normal and generalised gamma distri-
butions, but the estimates assuming a Weibull distribution
are a little smaller. The estimate for the activation energy
over all batches is around 252 kJ mol ™! (This is lower than
the assumed value of 300 kJ mol~"' used by Whilshire and
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Table 2 Simulated maximum likelihood estimates of the parameters in Eq. 9¢

Parameters Log normal distribution (1 = o0) Extreme value distribution (4 = 1) General gamma distribution with (1 = 100)
Bo —28.6674% (0.2951) —27.7858% (0.4296) —28.6176" (0.3197)

Bi 4.1109% (0.0346) 4.0224% (0.0609) 4.1051% (0.0396)

B —7.9821% (0.1126) —7.6166% (0.1442) —7.9613% (0.1199)

B 252.6631% (2.1433) 247.1061% (3.0364) 252.3733" (2.3007)

o 0.2753% (0.0078) 0.2433% (0.0098) 0.2724% (0.0083)

Standard errors shown in parenthesis, Estimates obtained using 7o = —0.25. Number of iterations R = 150

# Parameters statistically significant at the 10% level

+ Barch2 4 Batch3
¥ Batch 3 * Batch 6
- Bach§ = Batch9

Fig. 2 Dependence of -22
In(tgexp(—Q/RT)] on ® Batch 1
In[—In(#/trs)] for - ® Barch4
ICr-IMo-0.25V at 723-948 K ;Bm}?
with 0, = 252 kJ mol ™' — Predicted values
and with 7z < 5,000 h E 26 1

S

= 28

ol

vy

o

~ -30 A

-9

g

= 324

-34

-1.2 -1 0.8

0.6 04 0.2 0 0.2 0.4 0.6 0.8 1

Transformation of the normalised stress, t* = In(-In(1/15))

Scharning [7]) and may be explained by the fact that it is
estimated from only part of the data set, i.e. from all those
results where time to failure are 5,000 h or less).

In this estimated model, the low t/trg region is defined
as any value for 19 < —0.25 and high t/t1g is defined any
value for 19 > —0.25. A unit change in x; brings forth a
4.11 unit change in log failure times in the low regions, but
a 7.96 unit change in the high region. (1o = —0.25
approximately corresponds to the average yield stress of
this material over the range of experimental temperatures).
The ‘kinked’ nature of this model is more clearly seen in
Fig. 2 where the In(fg) —252x3; is plotted against
In(—In(t/71s)) to remove the effect of temperature. As can
be seen from this figure, the model of Eq. 9c, with the
parameter values shown in the last column of Table 2,
predicts the shown failure times very well.

Table 3a to 3c shows the estimated variance covariance
matrix, D, for the w; in the shared frailty model for the three
different A values shown in Table 2. The variance for f3,; is
an order of magnitude larger than the variance for $,;, and
this is shown in Fig. 2 as increased batch to batch variation
when 15 < —0.25. The largest batch to batch variation is

for the estimated activation energy. As might be expected,
the elements of D when 4 = co and when 4 = 100 are
very similar in size, but when A = 1, the estimates for the
elements of D become much larger.

Creep life prediction using the Wilshire—Scharning
parametric model

In Fig. 3, Eq. 9c together with the values shown in the last
column of Tables 2 and 3c are used to obtain predicted
failure times at a temperature of 773 K. These were
obtained using the simulation approach described in Sect.
“Confidence intervals” of the Appendix. It is important to
remember that the values shown in these tables were esti-
mated from date up to 5,000 h only. Thus, the predictions
beyond this time are in fact extrapolations rather than
interpolations. The thicker lines shown in this figure are the
predicted median times to failure and the 0.5 and 99.5%
from the simulated distributions of times to failure derived
at the shown stresses. Taken together, these predictions are
a reasonable description of the experimental data—even
out to over 100,000 h worth of failure times.
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Table 3 Simulated maximum likelihood estimate of the variance—covariance matrix D

aot A (2} gt}

a3 (A (D) a3 ()

(a) When A = oo (Log normal distribution for ty)

ool AW (2)} 0.9843 (1.2030) _
at{ A/ (2)} —0.0968 (0.1500)

W) 0.1750 (0.3834) 0.0193 (0.0448)
W)} ~6.9532 (8.5124) 0.6087 (1.0366)

(b) When ). = 1 (Weibull distribution for tp)

as{ A/ (2)} 1.8729 (2.3881) _
ot {A/(2)} —0.1786 (0.2552)

a3 {0} 0.3331 (0.6324) 0.0053 (0.0713)
a3{ (A} —13.2345 (16.9210) 1.1980 (1.7780)

(c) When A = 100 (Generalised gamma distribution for tr)

o W (A} 1.3197 (2.1952) _
ol (2} —0.1161 (0.2398)

AW} 0.2459 (0.5369) 0.0136 (0.0583)
AW} —9.3747 (15.5391) 0.7608 (1.6831)

0.0282 (0.0275) - -

0.2133 (0.1701) -
—1.4564 (2.5410) 49.6120 (60.4525)

0.0339 (0.0364) - -

0.3021 (0.2340) -
—2.5957 (4.5282) 94.0251 (120.1191)

0.0258 (0.0310) - -

0.2531 (0.2050) -
—1.9771 (3.8532) 67.0667 (110.1050)

Standard errors shown in parenthesis

e Median Prediction (shared frailty, (13c))

B Actual Failure Times
= = = 99% Confidence Limits (shared frailty, (13c))
Mean Prediction (Pooled model, D = 0))
444444444 99% Confidence Limits (Pooled model, D =0)

Fig. 3 Variations in times to 450
failure with stress, together with
predicted values and confidence
limits, at 773 K
g 350
b=}
7
1723
>
bl
Z 300
250
200 T
10 100

Figure 3 also compares the predictions obtained from
the shared frailty model with the so called pooled model
obtained by setting D = 0. This of course corresponds to
the classical or traditional application of the Wilshire
model (as published, for example, in [7]). The predictions
from this model are given by the thinner lines. Whilst the
median prediction from this pooled model is almost iden-
tical to that from the shared frailty model, the simulated
percentiles do not correctly identify the magnitude of the
scatter present in the experimental data—especially for the
upper end of the distribution and at higher stresses. Inter-
estingly, ignoring the lack of independence in test results
(using the pooled model) has had no measurable effect on
the estimate made for the safe life of the material at

@ Springer
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Time to Failure, h

operating conditions (i.e. low stresses) as seen by the
equivalence of the 0.5% confidence limit at such stresses.
However, at higher stresses, the pooled model seriously
under estimates this safe life. This may not be true for other
materials.

Conclusions

A modification to the shared frailty model has been pre-
sented that allows for the distribution of the response and
the random effects to be determined by the data (from
within the exponential family of distributions). A SML and
a computationally simpler simulated linear least squares
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(SLLS) approach (when u(x;B) is linear) to estimating this
model has also been presented. These generalizations are
important for modelling high-temperature deformation
because they allow a reformulization of the recently pro-
posed Wilshire—Schering methodology that allows life time
predictions to be made with levels of confidence attached
for engineering components operating at high tempera-
tures. When applied to 1Cr—1Mo-0.25V steel, it was found
that failure times were distributed as a generalized gamma
distribution (with 4 = 100)—as were the random effects.
The mean activation energy was estimated at around
252 kJ mol~'—which is close to the reported values of the
activation energy for lattice self diffusion in the 1Cr—1Mo-
0.25V alloy steel matrixes. However, there was substantial
batch to batch variation in these estimated activation
energies.

It was shown that ignoring these random effects resulted
in predictions that were not such a good description of the
experimental data. Only when random effects were inclu-
ded did the resulting confidence limits reflect the actual
variability present in the experimental data—especially at
the higher stresses and at the top tail of the distribution.
Interestingly, it was shown that ignoring the lack of inde-
pendence in test results (i.e. using the pooled model) had
no measurable effect on the estimate made for the safe life
of the material at operating conditions. However, this may
not be the case when this method is applied to other steel
alloys used for high-temperature power generation.

Areas for future study include the extension of the above
model to three or more levels so that results for different
products (bar plate and tubes) and from different labora-
tories for the same material can be analysed using a single
model.

Appendix

Estimation

Heteroscedasticity

Estimation of the shared frailty model is not straightfor-
ward. For example, consider the simplest specification

where u(x;p;) is linear in x and where there are p test
condition variables. Then Eq. 7a can be written as

In(Lfxiu) =

== —A exP[ ~

P
8(ta“)ly:ﬁo+ﬁkzngj+wij (10)
=1

where
P
wip = 2+ uop + Y g (11)
k=1
The random error term (w;;) in Eq. 10 is clearly a function
of the covariates and its variance, Var[wj], is given by
(assuming that the u;; and z; are independent of each other)

P
Var[w;] = Var[z;] + Var|ug;] + Z Var[ukj]x%ij
=1

(12)

and so also varies with the covariates. This heteroscedas-
ticity has important implications for parameter estimation.
It means that if the linear least squares formula is used to
estimate the  parameters in Eq. 10, by minimising Zw,-zj,
the resulting estimates will be unbiased but inefficient
(have higher variances than if Var[w;] were constant).
Further, the estimates made of the standard errors of these
parameters will be biased, so invalidating any standard
tests of statistical significance or any constructed confi-
dence limits. Hence some other estimation procedure is
required.

Simulated maximum likelihood
It follows from Egs. 6a, 8a that the log likelihood for the n;

observations in batch or unit j is the sum of the logs of the
densities

In(Lj[x;B;) =
j g(0);—p(x:B;)
| (4=0.5)In(2) —InI'(2) — In(e) + V4 {%}
i=1 —exp [%\/M}

(13)

The log likelihood for the full sample, when there are

m units in all, is then

In(L) = > In(Llx; B;) (14)
=1

Inserting the expression ; = B + w; into Egs. 13, 14 yields

n [ (A—0.5)In(2) — In[(4) — In(o) + V7 [Lﬁ(””)]
g(t;0);—p(xsB+uy)

(15)
)
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In principle this log likelihood could be maximised with
respect to B and ¢. However, there are two problems with
this approach. First, the covariance matrix for u; is not
present and so cannot be estimated. This is easily solved by
making use of the expression u; = Av; allowing Eq. 15 to
be written as

This is quite a straightforward procedure in practice
because obtaining random draws from Eq. 8a is easily
implemented within popular and commercially available
software packages such as Microsoft Excel [22] or more
specialised Econometric software such as Regression
Analysis of Time Series [23] or RATS for short. Subtracting

moon —0.5)In(2) — InI"(1) — In(o) + \/_[M
In(L|x;u;) = ZZ e [0~ OB+ A 1o
—exp ]

The second problem is that in Eq. 16 the v; are unob-
served and so the log likelihood cannot be computed.
The solution requires v; to be integrated out of the above
conditional likelihood, but such integrals typically do not
have an analytical solution. However, integrals of this
nature can be adequately evaluated by simulation meth-
ods. More formally, estimates for B, ¢ and A are
obtained by maximising the simulated log likelihood
given by

from this random draw the natural log of A, multiplying by
the square root of 1 and then subtracting ¢ then gives a ran-
dom draw from the PDF given by Eq. 8a, i.e. arandom value
for vy;. This last transformation is required for the log gamma
distribution to be non degenerate as 4 tends to infinity and for
its mean to be zero. Even without specialised software like
RATS, obtaining random values for vy; is straightforward.
All that is required is an ability to draw random numbers
from a standard normal distribution because the value of a

o —0.5)In(4) — InI'(2) — In(o) + f[w
ln(L‘X uj = ZZ " ( ),] ,u(x,[}-ﬁ»Avj) (17)
Jj=1 i=1 —/Aexp T}

where v; contains p random draws from the distribution
given by Eq. 8a. This maximisation procedure is then
repeated R times yielding R values for B, ¢ and A. The
average of these R values can be taken as the SML
estimates for these parameters, and the standard deviation
in these R values as an estimate of their standard errors.
This estimation procedure can be repeated using different
values for A, and the value for / that maximises the
average log likelihood over all R iterations is chosen as
the correct value for A.

variable drawn from a chi square distribution with 4 degrees
of freedom is equal to half the value of a variable drawn from
the one parameter gamma distribution with /2 degrees of
freedom (see Johnson and Kotz [24] for more details).

Simulated linear least squares
If p(x;P) is linear in x, as in Eq. 10, a much simpler esti-

mation procedure presents itself—that of SLLSs. Equa-
tions 10, 11 can be written as

p p
g(t;); = PBo + Br ZX wij T 00vo; + 0% Z ViXig) + o Z (Vo)
k=1 k=1 k=1
(18)
P P
+ 0l Z vljxk” + 05 Z vzjxky) +.o + 0 1)V (p—1)i%pij T OZij
k=2 k=3
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As z; is by assumption homoscedastic, the linear least
squares formula could be applied to Eq. 18 to obtain esti-
mates for fy, all the fi;,s and all the elements of A, using
the simulated values for v(; and vy;. This procedure is then
repeated R times yielding R values for all these parameters.
The average of these R values can be taken as the SLLSs
estimates for these parameters. This procedure avoids the
need for non linear maximisation algorithms which in its
self is a considerable simplification, but may yield ineffi-
cient estimates (especially for ¢). When u(x;p) is non linear
in X, non linear least squares can be used but then there is
no computational advantage over SML.
Notice also that ¢ in Eq. 18 can then be estimated as

- Sy 2 (19)
WS am—c| =

J=1

where C is the number parameters to estimate in Eq. 18.

Confidence intervals

A simulation approach can also be used to obtain confi-
dence limits for the frailty model of Eq. 7a. This approach
requires first simulating values for w;, using uw; = Av;,
where the tilde refers to the SML estimate of A and the v;
are simulated in the way described above. Then B is sim-
ulated using

B =B+ {A/m}v, (20)
where for large m, AA’ = D, otherwise 4 J/(L)[AA'] =
D. The tilde refers to the SML value for p. These simulate
values for  and u; are then inserted into Eq. 7b to simulate
a value for u(x; ;).

Then simulated values for z; are drawn from Eq. 6a to
obtain ¢z; where the tilde represents the SML estimate for
0. Substituting the simulated values for x(x; B;)and 6z; into
Eq. 7a gives a simulated value for g(#;a);;. Repeating this a

large number of times yield an empirical distribution for
g(t;0); and, therefore, #¢ at a particular value for x. From
this, any percentile of the empirical distribution can be
obtained to represent confidence limits around the simu-
lated median prediction. Repeating this for other values of
the covariates completes the calculation of predictions with
confidence limits for #g.

References

—

. Nelson W (1982) Applied life data analysis. Wiley, New York
2. Rabotnow YN (1969) Creep problems in structural members.
North Holland, Amsterdam
3. Ion JC, Barbosa A, Ashby MF, Dyson BF, Mclean M (1986) The
modelling of creep for engineering design, I. NPL report DMA
All5
4. Evans RW (2000) Proc R Soc Lond A 456:835
5. Wilshire B, Battenbough AJ (2007) Mater Sci Eng A A443:156
6. Wilshire B, Scharning PJ (2008) Int J Press Vessels Pip 85:739
7. Wilshire B, Scharning PJ (2008) Mater Sci Technol 24:1
8. WILSHIRE B, SCHARNING PJ (2008) Int Mater Rev 53:91
9. Larson FR, Miller J (1952) Trans ASME 174(5):765
0. Evans M (2008) J Mater Sci 43(18):6070. doi:10.1007/s10853-
008-2956-8
11. Evans M (2010) Mater Sci Technol 26(3):309
12. Lawless JF (2003) Statistical models and methods for lifetime
data, Section 6.5.3, 2nd edn. Wiley, New Jersey
13. Bartlett MS, Kendall DG (1946) J R Stat Soc Suppl 8:128
14. Prentice RL (1974) Biometrika 61:539
15. Abramowitz M, Stegun IA (eds) (1964) Handbook of mathe-
matical functions. Dover, New York
16. Goldstein H (2003) Multilevel statistical models, appendix to
Chapter 2, 3rd edn. Wiley, London
17. Laird NM, WARE JH (1982) Biometrics 38:963
18. Lindstrom MJ, Bates DM (1988) J Am Stat Assoc 83:1014
19. Maddala GS, Li H, Trost RP, Joutz F (1997) J Bus Econ Stat
15:90
20. Hougaard P (2000) Analysis of mutivariate survival data.
Springer-Verlag, New York
21. NIMS (1990) Creep Data Sheet No. 9B
22. Microsoft Excel: Microsoft Office (2007)
23. RATS:Version 7. By Estima, Evanston, U.S.A., (2010)
24. Johnson NL, kotz S (1970) Continuous univariate distributions,
vol 1 and 2. Houghton Mifflin, Boston, Massachusetts

@ Springer


http://dx.doi.org/10.1007/s10853-008-2956-8
http://dx.doi.org/10.1007/s10853-008-2956-8

	A frailty model for the analysis and prediction of creep and creep fracture: with application to high temperature plant life assessment using 1Cr--1Mo--0.25V
	Abstract
	Introduction
	Statistical models
	Accelerated testing
	A broad class of regression models for lifetime data
	A proposed stochastic framework

	Application to component lifting at high temperatures
	The experimental data
	The Wilshire--Scharning parametric model as a frailty model
	Estimation of the Wilshire--Scharning parametric model
	Creep life prediction using the Wilshire--Scharning parametric model

	Conclusions
	Appendix
	Estimation
	Heteroscedasticity
	Simulated maximum likelihood
	Simulated linear least squares
	Confidence intervals


	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


